Abstract. A deep result of Voisin asserts that the Griffiths group of a general nonrigid Calabi-Yau (CY) 3-fold is infinitely generated. This theorem builds on an earlier method of hers which was implemented by Albano and Collino to prove the same result for a general cubic sevenfold. In fact, Voisin's method can be utilized precisely because the variation of Hodge structure on a cubic 7-fold behaves just like the variation of Hodge structure of a Calabi-Yau 3-fold. We explain this relationship concretely using Kontsevitch's noncommutative geometry. Namely, we show that for a cubic 7-fold, there is a noncommutative CY 3-fold which has an isomorphic Griffiths group.
Introduction
A fundamental approach to studying subvarieties of an algebraic variety, X, is through the Chow ring, i.e., the ring of all algebraic cycles on X up to rational equivalence with product given by the intersection pairing. Then again, one can also study this ring up to algebraic equivalence, or homological equivalence for that matter. One might wonder; what is the difference between these different types of equivalence?
Well to compare, e.g., algebraic and homological equivalence we may simply study their difference, i.e., the group of algebraic cycles homologically equivalent to zero modulo algebraic equivalence. This is called the Griffiths group. The name and the notation for Griff p (X) come from an example due to Griffiths [Gr] , where he famously, "put an end to the belief that algebraic and homological equivalence of algebraic cycles might coincide." 1 Griffiths' example was the quintic hypersurface. Specifically, he showed that for a general quintic hypersurface, the Griffiths group corresponding to 2-cycles, Griff 2 (X), is nonzero. Moreover, Griffiths demonstrated that Griff 2 (X) has an element of infinite 0854977 FRG, NSF DMS 0600800, NSF DMS 0652633 FRG, NSF DMS 0854977, NSF DMS 0901330, FWF P 24572 N25, by FWF P20778 and by an ERC Grant.
2. Background 2.1. Algebraic cycles and Griffiths groups. Let X be a non-singular variety over an algebraically closed field k. Unless otherwise stated, we assume that k = C. Let Z p (X) be the free Abelian group generated by the irreducible subvarieties on X of codimension p. Let Z p rat (X) be the set of all cycles, z ∈ Z p (X), rationally equivalent to zero, let Z p alg (X) be the set of all cycles, z ∈ Z p (X), algebraically equivalent to 0, and let Z p hom (X) be the set of of all cycles, z ∈ Z p (X), homologically equivalent to 0. We have containments,
The p-th Chow group, CH p (X) ∶= Z p (X) Z p rat (X), is the quotient group of Z p (X) by rational equivalence of algebraic cycles on X. For dim(X) = n, one can equivalently use the notation Z p (X) = Z n−p (X) and CH p (X) = CH n−p (X).
Similarly let us define the notation, Let K 0 (X) denote the Grothendieck group of algebraic vector bundles on X and K sst 0 (X) denote the Grothendieck group of algebraic vector bundles modulo algebraic equivalence. The Chern character map induces a rational isomorphism,
4 which preserves algebraic equivalence and yields,
Hence, the total rational Griffiths group,
is isomorphic to, ker(c alg ○ ch sst ). This will be the starting point for our categorical definition of the total rational Griffiths group. Namely, in §6, we show that for an admissible subcategory of the bounded derived category of coherent sheaves on X, A ⊆ D b (coh X), we can restrict the map c ○ ch sst to K sst 0 (A) and define Griff Q (A) as the kernel of this restriction.
2.1.1. Manifolds of Calabi-Yau type.
Definition 2.2. Let X be a smooth compact complex variety of odd dimension 2n + 1, n ≥ 1. We call X a generalized Calabi-Yau manifold if
(1) the middle Hodge structure is similar to that of a Calabi-Yau threefold, i.e.:
h n+2,n−1 (X) = 1, and h n+p+1,n−p (X) = 0 f or p ≥ 2;
(2) for any generator ω ∈ H n+2,n−1 (X) ≅ C, the contraction map
X ) is an isomorphism; (3) the Hodge numbers h k,0 (X), k = 1, 2, ..., 2n are zero.
Notice that for n = 1 the above definition coincides with the definition of a Calabi-Yau threefold. Also, recent joint work of Manivel and the second author [IM] provides a series of examples of manifolds of Calabi-Yau type of dimension > 3. These examples come from certain complete intersections in homogeneous varieties, starting from hypersurfaces in projective spaces.
The starting point for this definition is the following property described by Donagi and Markman, which holds for all Calabi-Yau threefolds (see [DM1] , [DM2] ):
(DM) The relative intermediate Jacobian forms an integrable system over the gauged moduli space of any Calabi-Yau threefold.
As remarked in [DM2] , this property cannot be generalized for Calabi-Yau varieties X of higher dimension n ≥ 4. Indeed, an intermediate Jacobian exists only for manifolds of odd dimension, so (DM) cannot even be stated correctly for Calabi-Yau manifolds of even dimension. On the other hand, in the case when n > 3 is odd, there is still a natural 2-form on the relative intermediate Jacobian, σ, inherited by the cotangent fibration over the moduli space of X. However, while the fibers of the relative intermediate Jacobian are still isotropic with respect to σ, the Yukawa cubic (or the Donagi-Markman cubic) on the tangent fibration over the moduli space of X vanishes. Hence σ is degenerate over the general point, see Remark 7.8 and Theorem 7.9 in [DM2] . In contrast, on the gauged moduli spaces of the generalized Calabi-Yau (2n+1)-folds as above the relative intermediate Jacobian can form an integrable system, see [IM] .
All known examples of manifolds of Calabi-Yau type are Fano. Hence, we introduce the following terminology: Definition 2.3. A Fano-Calabi-Yau (FCY) manifold is a manifold X of Calabi-Yau type that is Fano, i.e., one for which the anticanonical class, −K X , is ample.
FCY manifolds are always of odd dimension at least 5. Another common property of FCY manifolds and Calabi-Yau manifolds is that the deformations of Fano manifolds are not obstructed, see e.g. [Ran] . Unobsructedness of deformation spaces is an important property of Calabi-Yau manifolds known as the Bogomolov-Tian-Todorov theorem, see e.g. [Voi4] . As a consequence, one can speak about moduli spaces X of FCY manifolds X and relative Jacobians J (X ) → X above them.
3. Deformations of triples, Noether-Lefschetz loci, and infinitesimal invariants 3.1. Deformations of triples (λ, Y, X) and Noether-Lefschetz loci. For a FCY manifold X ⊆ P N of dimension 2n + 1, denote by X its deformation space. Suppose for simplicity that Pic X = ZH where H is the hyperplane section. In particular −K X = rH for some integer r = r(X) > 0, i.e. X is a prime Fano manifold of index r; and suppose in addition that the index r(X) ≥ 2. Fix a positive integer d < r(X). Then the smooth divisors Y ∈ O X (d) will be Fano manifolds, and denote by Y their deformation space.
with q and p being the restrictions of the natural projections of Y × X ⊇ G to Y and X . Consider the following diagram
4 This deformation space exists by result of Z. Ran [Ran] .
6 in which the vertical and the horizontal row are tangent sequence for Y ⊆ X and the adjoint sequence for Y ⊆ X twisted by T Y , and T Y ⊆X is the kernel of the composition map γ ○ α. Under the particular assumptions as above, there is an identification of the normal bundle,
By definition, the Noether-Lefschetz locus F ⊆ Y is the set of all Y for which the primitive integer cohomology H n,n o (Y, Z) = 0; in particular F λ is a component of F . For fixed X, we define the Noether-Lefschetz locus inside O X (d) , F (X), to be the set of all Y ∈ O X (d) that belong to F ; and let
For a given triple, (λ, Y, X), let T F λ be the tangent space to
. Suppose in addition that the Kodaira-Spencer map
where • is the cup-product
Now consider the following diagram:
The assumptions on X and Y guarantee that
by the Kodaira vanishing theorem. Therefore, we can apply the argument in §2 from [AC] to conclude:
Proposition 3.1. Let (λ, Y, X) be as above, let p * ∶ T F λ → T X be the map induced by the projection p ∶ F λ → X , and suppose that the composition
is also an isomorphism, and hence the family F λ is smooth of codimension h n+1,n−1 (Y ) in G at (Y, X), and the projection p ∶ F λ → X is an isomorphism over a neighborhood of X.
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(2) There are infinitely many 0-dimensional components of the Noether-Lefschetz locus
Remark 3.2. Part (1) is the analog of Lemma 2.3 and Proposition 2.4 from [AC] , which in turn reproduces the original argument of Voisin in §1 of [Voi1] . Part (2) follows from (1) based upon an argument due originally to M. Green. By (1), the set F (X) λ is reduced and 0-dimensional. In particular, the Noether-Lefschetz locus F (X) in O X (d) has at least one 0-dimensional component. By an argument due originally to M. Green the latter implies that F (X) has countably many 0-dimensional components and they form a dense subset of O X (d) , see the proof of Proposition 1.2.3 in [B-MS] or Propositions 2.4 and 2.5 in [AC] together with the references found therein.
In §4 and §5 we study two examples of triples, (λ, Y, X), that fulfill the conditions of the above proposition. In order to verify these conditions, we follow the approach used initially by C. Voisin in [Voi1] , i.e., we verify these conditions using the graded rings of X and Y .
3.2. The infinitesimal invariant of a normal function associated to a deformation of a triple (λ, Y, X). Let (λ, Y, X) be a triple which fulfills the conditions of Proposition 3.1, and suppose further that the Hodge conjecture holds for Y . Then by (1) of Proposition 3.1 the family, F λ , is isomorphic to X over a neighborhood, U of X = X o ∈ X . Since the argument is local, we can suppose that U = X . Thus for any X t ∈ X the class λ is represented by an algebraic n-cycle Z λ,t on Y t ⊆ X t . Since λ is, by assumption, homologically equivalent to zero, Z λ,t = ∂Γ λ,t for some real (2n + 1)-chain Γ λ,t on X.
Let H 2n+1 X → X be the (2n + 1) th cohomology bundle and H i,j X → X , i + j = n + 1 be its Hodge subbundles over X , with the holomorphic filtration
be the intermediate Jacobian bundle over X . The cycles Z λ,t , t ∈ X o define a normal function
where Φ t is the Abel-Jacobi map for X t , see §7 Ch.II in Vol.II of [Voi3] . The normal function ν λ lifts to a holomorphic section ψ λ of (
where ∂Γ t = Z λ,t -see above.
Now we use the assumption that X is a FCY manifold of dimension 2n + 1, i.e., the only nonzero middle Hodge numbers of X are h n+2,n−1 = h n−1,n+2 = 1 and h n+1,n = h n,n+1 . From this fact, it follows that the variation of Hodge structure is a map,
Let Ker∇ be the kernel bundle of ∇.
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The Griffiths infinitesimal invariant δν λ of the normal function ν λ is a section of the dual bundle, (Ker∇) ∨ , defined as follows. Let ∑ i ω i ⊗ χ i ∈ ker∇, and letω i (t) be sections of
see p.721-722 in [AC] , or [Gr] and [Voi1] .
In §4 and §5 we show that the infinitesimal invariants δν λ of certain special primitive algebraic Hodge classes, λ, on two given FCY manifolds X are non-zero. This fact together with the following lemma will provide us with the nontriviality of Griff Q (X). Later down the road, the fact that Griff Q (X) is infinitely generated will follow from this as well.
Lemma 3.3. Let X, Y , λ, and Z λ be as above. If δν λ = 0 then for the general X t ∈ X the algebraic n-cycle Z λ,t represents a non-torsion element of Griff(X t ).
4. The Griffiths group of the 5-fold quartic double solid X 4 4.1. The 5-fold quartic double solid and its quadratic sections. A 5-fold quartic double solid is a double covering
branched over a quartic hypersurface B ⊆ P 5 . It can be represented as a hypersurface X = X 4 of degree 4 in the weighted projective space P 6 (1 6 ; 2) = P 6 (1 ∶ 1 ∶ 1 ∶ 1 ∶ 1 ∶ 1 ∶ 2). If the opposite is not explicitly stated we assume that X is smooth, which is equivalent to the smoothness of its branch locus B.
If (x; y) = (x 0 ∶ ... ∶ x 6 ∶ y) are the coordinates in P 6 (1 6 ; 2) = P 6 (x; y) and B = (f 4 (x) = 0) is the equation of B ⊆ P 5 = P 5 (x) then the equation of X = X 4 ⊆ P 6 (x; y) is
In turn, any smooth hypersurface X 4 ⊆ P 6 (1 6 ; 2) which does not contain the point (0; 1) is equal to a 5-fold quartic double solid over P 5 . To see this, let
, and after changing the weight 2 variable z by y = z + q(x) the equation of X becomes y 2 − f 4 (x) = 0, where 4.2. The graded ring of X 4 ⊆ P 6 (1 6 ; 2) and of its quadratic sections. Let
be the equation of X = X 4 in P 6 (1 6 ; 2). In the graded algebra,
with deg x i = 1, deg y = 2 the graded Jacobian ideal J(X) of X is generated by the partials ∂f (x, y) ∂x i = −∂f 4 (x) ∂x i and ∂f (x, y) ∂y = 2y. Let
be the graded Jacobian ring of X. By [Na]
Let X ⊆ P 6 (1 6 ; 2) be given by f (x; y) = y 2 − f 4 (x) = 0 as above. A quadratic section Y ⊆ X which does not contain the point (0; 1) is given inside X by an equation
Lemma 4.1. If the quadratic section Y of X is as above, then the rational projection
sends Y isomorphically onto the quartic hypersurface Y 4 ⊆ P 5 (x) defined by the equation
Proof. In the first equation
Via the interpretation of Y as a quartic hypersurface f (x) = f 2 (x) 2 − f 4 (x) = 0 in P 5 , its middle primitive cohomology can be computed by the formulas from [Na] : 
4.3. Cycles on quadratic sections Y ⊆ X. Let Y be a smooth quadratic section of X which does not contain the point (0; 1). By the discussion from the preceding section, Y is isomorphic to a quartic fourfold Y 4 . Therefore by [CM] , the Hodge conjecture holds for Y . Let λ ∈ H 
Below we translate the above diagram into the language of the graded ring R(Y ). In order to do so, we will need to use the following identities that can either be obtained directly, by using the adjoint and the tangent sequence for Y ≅ Y 4 ⊆ P 5 , or by the Griffiths residue calculus. 
where P λ is, by slight abuse of notation, multiplication by the polynomial class P λ cor-
, and e is multiplication by the polynomial class e = f 2 (x) ∈ R 2 (Y ).
The infinitesimal invariant for
be a variation of Hodge structure for X, and δν λ ∈ (Ker∇) ∨ be the infinitesimal invariant of ν λ , see 3.2. Since X is a Fano-Calabi-Yau manifold, the cup-product with the unique form (modulo C * ), ω 4,1 , on X defines an isomorphism,
By the identifications H 3,2 (X) ≅ R 4 (X) and H 2,3 (X) = R 8 (X) from §4.2, the v.H.s. ∇ is identified with a mapping
It follows from [Voi1] , that in the situation above, describing the deformations of a triple, (λ, Y, X), the following takes place:
is induced by multiplication of monomials in the homogeneous graded ring,
Again by [Voi1] , under certain conditions the infinitesimal invariant δ λ ν can be regarded as a linear form on the kernel of the multiplication map
More precisely, let y = f 2 (x) be the equation of Y in X = (y 2 = f 4 (x)) ⊆ P 6 (x; y), and
, the class λ corresponds to P λ ∈ R 6 (Y ). Let e ∈ R 2 (Y ) be the class defined by the quadric form f 2 (x). Then the following takes place (see [Voi1] or [AC] ):
Lemma 4.3. If the multiplication by P λ .e induces an isomorphism
, we have the following equality for the infinitesimal invariant:
4.5. Cycles on the Fermat quartic fourfold. Let Y be the Fermat quartic fourfold, i.e., the quadratic section of X as in Lemma 4.1 given by the equation,
be the graded Jacobian ring of Y . By §4.2, the primitive cohomology satisfies H 2,2
Following [Shi] , we now describe the rational cohomology classes in H Let µ 4 be the group of 4-th roots ζ i of unity, and let G = (µ 4 ) 6 ∆, where ∆ is the diagonal subgroup. If Z 4 = Z 4Z, then the character groupĜ is naturally embedded in
For α = (a 0 , ..., a 5 ) ∈Ĝ * , define its norm
where < a i > is the unique integer between 1 and 3 congruent to a i modulo 4. The natural action
restricts to an action of G on the Fermat quartic Y ⊆ P 5 ; which in turn induces a representation g * of G on the primitive cohomology group
be the eigenspaces of g * in H 4 o (Y, C) defined by the characters α ∈Ĝ. With the above notation, the results in [Shi] yield the following:
(1) The primitive cohomology obeys the identity,
where B = {α ∈Ĝ * ∶ α = 3.α = 3} and 3.α = 3.(a 0 , ..., a 5 ) = (3a 0 , ..., 3a 5 ).
o (Y, Q) spanned by classes of primitive algebraic 2-cycles on Y . There is an equality, (2) is the statement of the Hodge conjecture for the Fermat quartic fourfold, see [Shi] .
5 , representing a non-zero class modulo J(Y ), the coordinates x i can enter only with degrees 0, 1 and 2. We therefore use the following terminology; we call a nonzero monomial f = x By definition, α = (a 0 , ..., a 5 ) ∈ B iff α = 3.α = 3. Since B ⊆Ĝ * , the coordinates a i take values k = 1, 2 and 3. For an element α = (a 0 , ..., a 5 ) ∈Ĝ * , let
be the number of occurrences of the number k ∈ {1, 2, 3} among the coordinates a i of α. We call α an element of type
. Now, by a simple combinatorial check, we describe all possible α ∈ B and their corresponding monomials by j as follows:
• 20 elements α of type (333111) 
Infinite generation of the Griffiths group of
To simplify the notation, for 0 ≤ i ≤ j ≤ ... ≤ k we write
for both the monomial and its class in R(Y ). For example
We call two monomials x ij...k and
..55 ; for the dual monomial of x ij...k we shall use the notation x ij...k , i.e.
Let us first find monomials P λ and e which fulfill the conditions of Lemma 4.3. To this end, let
and e = ux 01 + vx 23 + wx 45 .
Then P λ a,b .e = a(ux 0123 + vx 0011 + vx 4455 + wx 2345 )
We verify that for generic a and b the linear map
is an isomorphism. In bases x ij and xî j of R 2 (Y ) and R 8 (Y ) respectively, P λ a,b .e acts as follows:
where
Therefore if
is an isomorphism, and we can apply Voisin's formula from Lemma 4.3 to compute the infinitesimal invariant δ λ a,b . We take
where h is a transcendental number. It follows from the preceding discussion that
is an isomorphism if a(a + 1) = 0 (since h is transcendental and a is rational and not equal to −1, the determinant det(A a,1 ) = −(a + 1)(a 2 + a + 1) + (a 2 − 3a + 1)h 2 is always nonzero).
Since f a = P a,1 .e is an isomorphism, we can apply the formula from Lemma 4.3 to evaluate the infinitesimal invariant δ λ a,1 at the elements of Ker(µ Y ). The goal is to find elements v ∈ Ker(µ Y ) such that δ λ a,1 (v) = 0, which by Lemma 3.3 to see that λ is an element of infinite order in Griff(X), cf. §4 of [AC] .
Let Q = x 2233 and R = x 0123 . Then v = Q ⊗ R ∈ Ker(µ Y ), and by Lemma 4.3
where c ij are the minors of the matrix A a,1 in the basis x 01 , x 23 , x 45 . Now
x 012233 , and hence
Since h is transcendental, and a 3 − 3a + 1 has no rational roots, the above expression never vanishes for rational a. This provides infinitely many λ a,1 with non-zero infinitesimal invariant, and hence (by Lemma 3.3) -infinitely many non-torsion elements in Griff(X). This yields our main result about the Griffiths group of the 5-fold quartic double solid X = X 4 :
Theorem 4.5. For the general X = X 4 ⊆ P 6 (1 6 ; 2) the Griffiths group Griff 3 Q (X) is infinitely generated as a vector space over the rationals Q.
Proof. It is sufficient to see that there exists an infinite sequence of integers a 1 , a 2 , ... such that δ(a i ) = δν λ a i ,1 (Q ⊗ R) are linearly independent over Q. For this we rewrite δ(a) = p a + q a r a t + s a where t = h 2 and p a = a 2 − a, q a = a 4 − a 3 + 2a − 1, r a = a 3 − 3a + 1, s a = a 2 + a + 1. When the argument a takes the values i = 1, 2, 3, ... then the real numbers δ(1), δ(2), δ(3), ... generate an infinite dimensional vector space over Q. The rest of the argument repeats the proof of Theorem 4.2 in [AC] .
The Griffiths group of
be a smooth complete intersection of a quadric, q(x) = 0, and a cubic, f (x) = 0, in
Since the 5-fold X = X 2.3 is a complete intersection, by the Lefschetz hyperplane section theorem it follows that all the primitive cohomology groups H p,q o (X) for p + q < 5 = dim X are zero. By §5.4 below, the middle Hodge numbers of X are
(6) Therefore the complete intersection of a quadric and a cubic X 2.3 ⊆ P 7 is a FCY 5-fold.
In the remainder of this section we shall verify that the Griffiths group Griff Q (X 2.3 ) is infinitely generated as a vector space over the rationals.
Deformations of triples (X, Y, λ)
and Noether-Lefschetz loci. Let X ⊆ P N be a FCY manifold of dimension 2n + 1. Suppose that X is an ample divisor in a Fano (2n + 2)-fold Y . As in §3.1, we will assume that Pic Y = ZH, −K Y = rH for some integer r = r(X) ≥ 2, and X ∈ O Y (d) for some positive integer d < r. Denote by X and Y the deformation spaces of X and Y , and let G be the incidence
with its two natural projections p and q.
be the family of all (X, Y ) such that Y contains X, and suppose that H 1 (T Y (−X)) = 0. Then the tangent space T Y X at (X, Y ) is naturally identified with H 1 (T Y (−X)), see e.g. [Tyu] or [B-MS] . Now, by exchanging the places of X and Y from §3.1, and considering instead of inclusion λ ⊆ Y ⊆ X the restriction (Y, Z) = 0. In particular, F λ is a component of F . As in §3.1, for fixed X one defines the Noether-Lefschetz locus, F (X), inside Y X to be the set of all Y ∈ Y X that belong to F (X); and define F (X) λ ⊆ F (X) to be the set of all Y ∈ Y X that belong to F λ .
For the given triple, (X, Y, λ), let T F λ be the tangent space to
The following is the analog of Proposition 3.1, in which the inclusion Y ⊆ X is replaced by X ⊆ Y .
Proposition 5.1. Let (X, Y, λ) be as above, let p * ∶ T F λ → T X be the map induced by the projection p ∶ F λ → X , and suppose that the composition
is also an isomorphism, and hence the family F λ is smooth of codimension h n+3,n+1 (Y ) in G at (X, Y ) and the projection, p ∶ F λ → X , is an isomorphism over a neighborhood of X. Let (X, Y, λ) be a triple which satisfies the conditions of Proposition 5.1, and suppose as in §3.2 that the Hodge conjecture holds for Y .
Then by (1) of Proposition 5.1 the map p * ∶ T F λ → T X is a local isomorphism, and we can proceed as in §3.2 to define a normal function ν λ ∶ X → J (X ) and its infinitesimal invariant δν λ ∈ (Ker∇) ∨ , where
is the variation of Hodge structure for the Fano-Calabi-Yau (2n + 1)-fold X.
The first difference between this situation and the one considered in §3.1 - §3.2 is that instead of regarding n-cycles Z λ on 2n-folds Y ⊆ X as n-cycles on X, we instead consider (n + 1)-cycles Z λ on (2n + 2)-folds Y ⊇ X and then look at the Abel-Jacobi map for their restrictions Z ′ λ = Z λ ∩ X, which are already n-cycles on X. The second, and perhaps more important difference for our purposes, is that instead of varying Y inside X, Y varies as a submanifold of X. In the former case, the way to interpret the infinitesimal invariant δν λ in terms of the graded ring of Y was known already by Voisin.
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However, as far as the authors are aware, in our latter case there is no such translation. Nevertheless, as we shall see in the next subsection, in the example we consider of X = X 2.3 ⊆ P 7 this obstacle can be overcome. This is essentially due to the observation that the general cubic 6-folds, Y = Y 3 , containing the given X are the same as the general hyperplane sections of a nodal 7-fold cubic Z = Z 3 ⊆ P 8 uniquely attached to X. With this observation, one can rewrite the infinitesimal invariant δν λ in terms of the graded rings of the cubic 6-folds Y .
5.4. The graded ring of X 2.3 and of cubic 6-folds Y 3 . Let
be a complete intersection of a quadric q(x) = 0 and a cubic f (x) = 0 in P P 7 (x) = P 7 (x 0 ∶ ... ∶ x 7 ). To understand the groups, H 5−p,p o (X), we follow [Na] and use the Cayley trick to represent the primitive cohomology groups H
X ) as components of the bigraded ring of a hypersurface.
Let W = P P 7 (O(−2) ⊕ O(−3)), and let D X ⊆ W be the hypersurface defined by
Introduce bidegrees of the variables (x) = (x 0 ∶ ... ∶ x 7 ), y and z as follows:
5 see also [W] .
In the bigraded polynomial ring
, and F z = ∂F ∂z = q(x) the partial derivatives of F = F (x; y, z) = F (x 0 , ..., x 7 ; y, z). Let
be the Jacobian ideal of F , and let
be the Jacobian ring of X = X 2.3 decomposed into bigraded parts R a,b (X). Then
-see [Na] . Since all Hodge numbers, h p,q , with p + q odd come from primitive classes, we get
5.5. Cycles on cubic 6-folds Y ⊇ X. Let X = X 2.3 = (q(x) = f (x) = 0) be a general smooth complete intersection of a quadric and a cubic in P 7 , and let Y = Y 3 ⊆ P 7 be a smooth cubic 6-fold containing X. Let X and Y be the deformation spaces of X and Y , and let 
As in §4.3, we rewrite this diagram in terms of the graded ring R(Y ). For this we first note the following identifications that can be obtained directly by using the adjoint and the tangent sequences for X ⊆ Y ⊆ P 7 and Bott vanishing:
(9) Next, as in §3.1, the composition
, and e ∶ R(Y ) → R(Y ) is the multiplication by the class of the quadric q(x).
5.6. The v.H.s. for X 2.3 in terms of the bigraded ring R(X). As in §4.4, start from the variation of Hodge structure (v.H.s.) for X = X 2.3
Since X is a FCY manifold, the cup-product with the unique (modulo C * ) form ω 4,1 on X defines an isomorphism
By [Na] , H 3,2 (X) ≅ R 2,−3 (X), H 2,3 (X) = R 3,−3 (X); and under these isomorphisms the v.H.s. ∇ translates to a map
However in this case µ X is not given by multiplication of polynomials (modulo the Jacobian ideal) as in §4.3 -for example multiplication would be additive on bidegrees. Fortunately, by using the generic 1:1 correspondence between X = X 2.3 and nodal cubic 7-folds Z = Z 3 from §5.7 below, we are able to instead rewrite µ X as multiplication µ Z in the graded ring R(Z).
5.7. X 2.3 and nodal cubic sevenfolds. Let us think of projective 7-space, P 7 , as the hyperplane (w = 0) in the projective 8-space, P 8 = P 8 (x; w) = P 8 (x 0 ∶ ... ∶ x 7 ∶ w). Let Z = Z 3 ⊆ P 8 be a general nodal cubic sevenfold, and let o ∈ Z be the node of Z; Without loss of generality we may assume that p o = (0 ∶ ... ∶ 0 ∶ 1). The rational projection
from o sends the cubic, Z, birationally to P 7 (x). Under a slight abuse of notation, we denote this birational map by
as well. Since Z has a node at the point o = (0; 1), then in the same coordinates, (x; w), the equation of the cubic, Z ⊆ P 8 (x; w), can be written as
where f (x) is a cubic form of (x) = (x 0 ∶ ... ∶ x 7 ) and q(x) is a non-degenerate quadratic form in (x). Let σ ∶Z → Z be the blowup of Z at o, and let E = σ −1 (o) ⊆Z be the exceptional divisor over o; the divisor E is isomorphic to a smooth 6-fold quadric identified with the base Q = (q(x) = 0) of the projective tangent cone to Z at o.
The family of lines L ⊆ Z that pass through the point o sweep out a cone R o with vertex o and a base given by the 5-fold
20
For the general choice of the nodal cubic, Z, the 5-fold, X = X 2.3 , is a general smooth complete intersection of a quadric and a cubic in P 7 .
Lemma 5.3. In the above notation, let
be the general nodal cubic 7-fold with node o = (0; 1). Then
(1) The birational map p o ∶ Z P 7 (x) induced by the rational projection P 8 (x; w) P 7 (x) decomposes as in the diagram below
whereR o ⊆Z the proper preimage of the cone R o ⊆ Z, andp o ∶Z → P 7 = P 7 (x) is a birational morphism contractingR o to the complete intersection
of the quadric (q(x) = 0) and the cubic (f (x) = 0) in P 7 .
(2) The birational morphismp o ∶Z → P 7 from (i) coincides with the blow-up of X = X 2.3 in P 7 . Moreover the inverse to (i) takes place: If X 2.3 = (q(x) = f (x) = 0) be a general complete intersection of a quadric (q(x) = 0) and a cubic (f (x) = 0) in P 7 = P 7 (x), then the blowup of P 7 at X is the same as the blowupZ of the nodal cubic 7-fold Z = Z 3 = (f (x) + q(x)w = 0).
Proof. The proof is straightforward, we leave the details as an exercise to the reader. 5.8. The infinitesimal invariant of (X, Y, λ) by equivalences of graded rings. Below, we rewrite the infinitesimal invariant δν λ for a triple (X, Y, λ) = (X 2.3 , Y 3 , λ) (as in §5.2), by using the equivalence of graded rings of X 2.3 and the nodal cubic 7-fold Z = Z 3 corresponding to X. However, in order to proceed, we first require the following lemma:
Lemma 5.4. Let X = X 2.3 ⊆ P 7 be the general complete intersection of a quadric and a cubic, and let Z = Z 3 ⊆ P 8 be the nodal cubic 7-fold corresponding to X by Lemma 5.3. Then a 6-fold cubic, Y , containing X and not containing the quadric, q(x) = 0, as a component can be identified with a hyperplane sections Y of Z which do not pass through the node o of Z. In particular, the generic cubic 6-fold containing the 5-fold X = X 2.3 is the same as the generic hyperplane section of its corresponding cubic 7-fold Z = Z 3 .
Proof. In the notation of §5.4, let X = X 2.3 = (q(x) = f (x) = 0) ⊆ P 7 (x), and let Z = Z 3 = (f (x) + wq(x) = 0) ⊆ P 8 (x; w) be the nodal cubic corresponding to X by Lemma 5.3. A cubic 6-fold Y ⊆ P 7 (x) containing X and not containing the quadric (q(x) = 0) as a component has the equation
where l(x) is a non-zero linear form of (x) = (x 0 ∶ ... ∶ x 7 ).
From the equation F (x; w) = f (x) + wq(x) of the nodal cubic 7-fold Z = Z 3 corresponding to X, we see that Y is the same as the linear section
of the cubic Z. Since in the linear form, l(x)−w, the coefficient at w is non-zero, it follows that the node, o = (0; 1), of Z does not lie on the linear section Y ⊆ Z. Furthermore, since l(x) is a general linear form on (x), the form, l(x) − w, defines the general linear section of Z that does not pas through its node, o. Lemma 5.5. Let R(X) be the graded ring of X = X 2.3 with equations chosen as above. Then:
The bigraded Jacobian ring R(X). Let
(1) H 4,1 (X) = R 1,−3 (X) = Cy.
(2) H 3,2 (X) = R 2,−3 (X) is generated over C by the following 92 monomials:
• the 8 monomials: z 2 x i , i = 0, ..., 7;
• the 28 monomials: yzx i x j , 0 ≤ i < j ≤ 7;
• and the 56 monomials:
There are 9 independent relations between the 92 monomials from (2). These relationships can be found, using the following identities in R(X), yx 2 i ↦ zx i , i = 0, ..., 7, which yield the following identities in the graded component R 2,−3 (X), (2) are generated by the above 9 relations. In particular, dim H 3,2 (X) = 92 − 9 = 83. 5.8.2. The graded ring, R(Z), of the nodal cubic 7-fold, Z, corresponding to X. For the above choice of X ⊆ P 7 (x) the nodal cubic, Z ⊆ P 7 (x; w), corresponding to X is
In the graded ring, S(Z) = C[x; w] = C[x 0 , .., x 7 , w], the Jacobian ideal, J(Z), of Z is generated by the relations
be the graded Jacobian ring of Z. Then the component R 3 (Z) is generated by:
• the 56 monomials:
• the 28 monomials:
• and the monomial: w 3 .
Lemma 5.6. Let X and Z be as above. Then the C-linear map,
factors through the Jacobian ideals J(X) and J(Z). Let
The map j ∶ R(X) → R(Z) restricts to isomorphisms:
As a model, we use the 5-fold, X 2.3 , defined above. We will verify the isomorphism j only for R 2,−3 (X). The computation for a general X 2.3 and for R 3,−3 (X) does not differ substantially.
By the preceding discussion, the component R 2,−3 (X) is generated by y 2 x i x j x k , yzx i x j and z 2 x i with relations yx i = zx On the one hand, the map j, as defined above, sends the generating monomials of R 2,−3 (X) to x i x j x k , wx i x j and w 2 x i respectively. This follows from the preceding discussion together with the fact that the w 3 generate S 3 (Y ). Since the hyperplane,
, is defined by w 3 = 0, this yields that j sends S −2,3 (X) surjectively to S 3 (Z).
On the other hand, j sends the generating relations yx 
. Now, as in §4.3, by [Voi1] (see also [AC] ) one has:
Corollary 5.7. The map,
is induced by multiplication of monomials in the graded ring S(Z) = C[x; w].
Let (λ, Y, Z) be a triple consisting of a nodal cubic 7-fold,
, of Z, and a class, λ, representing an algebraic 3-cycle Z λ on Y . By the previous corollary and [Voi1] the infinitesimal invariant δ λ ν can be interpreted as a linear form on the kernel of the multiplication map,
as follows (see also §2 in [AC] ):
o (Y ) corresponding to λ 3,3 . If the multiplication map,
5.9. Cycles on the Fermat cubic sixfold. Let Y be the Fermat cubic sixfold, i.e., X ⊆ Y ⊆ P 7 is defined by the equation,
be the graded Jacobian ring of Y . By [Na] , the primitive cohomology satisfies
. Following [Shi] and §3 in [AC] , we now describe the rational cohomology classes in H Let µ 3 be the group of 4 th roots of unity, ζ i , and let G = (µ 3 ) 8 ∆, where ∆ is the diagonal subgroup. Setting Z 3 = Z 3Z, the character groupĜ of G is naturally embedded in (Z 3 ) 8 asĜ
7 . LetĜ * = {α = (a 0 , ..., a 7 ) ∈Ĝ ∶ a i = 0, i = 0, ..., 7}. For α = (a 0 , ..., a 7 ) ∈Ĝ * , define its norm,
where < a i > is the unique integer between 1 and 2 congruent to a i modulo 3. The natural action,
, of G on P 7 restricts to an action of G on the Fermat cubic Y ⊆ P 7 . This induces a representation g * of G on the primitive cohomology group
be the eigenspaces of g * in H 6 o (Y, C) defined by the characters α ∈Ĝ. By [Shi] we have the following:
(1) The primitive cohomology satisfies the identity,
o (Y, Q) spanned by classes of primitive algebraic 3-cycles on Y . We have the following identification: (2) is the statement of the Hodge conjecture for the Fermat cubic sixfold, see [Shi] .
The isomorphism H
5 , representing a non-zero class modulo J(Y ), each of the coordinates, x i , has degree at most 1. Therefore, R 4 (Y ) is generated by the 70 monomials,
By definition, α = (a 0 , ..., a 7 ) ∈ B if and only if α = 2.α = 4. Since B ⊆Ĝ * , the coordinates, a i , take values k = 1 or 2.
For an element, α = (a 0 , ..., a 7 ) ∈Ĝ * , let
be the number of occurrences of the number k ∈ {1, 2} among the coordinates a i of α. We call α an element of type (2 p 1 q ) if d 2 (α) = p and d 1 (α) = q. As in [AC] , the isomorphism
.
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This directly implies that all elements α ∈ B are of type (2 4 1 4 ), sent by j to the 70 monomials x i 1 x i 2 x i 3 x i 4 as above.
5.11. Infinite generation of the Griffiths group of X 2.3 ⊆ P 7 . As above, we continue to have X ⊆ Y ⊆ P 7 (x) = P 7 (x 0 , ..., x 7 ), where Y is the Fermat cubic 6-fold. To simplify notation, for 0 ≤ i ≤ j ≤ ... ≤ k we write
for the monomial as well its class x ij...k in R(Y ). For example, x 22122111 = x 0 x 1 x 3 x 4 . We call two monomials x ij...k and x i ′ j ′ ...k ′ dual, and write
, and e = x 01 + x 23 + x 45 + x 67 + hx 35 , where h is a transcendental number. Then
We will now verify that for generic a and b the linear map
is an isomorphism, see Proposition 5.8. In the bases x i and xĵ of R 1 (Y ) and R 7 (Y ) respectively, P λ a,b .e acts as follows:
Therefore, in the bases x 1 , ..., x 7 and x1, ..., x7, the matrix
is an isomorphism and we can apply Voisin's formula from Lemma 5.8 to compute the infinitesimal invariant δ λ a,b . As in [AC] , we can restrict to the case b = 1 and compute δ λ a,1 at a well chosen element Q ⊗ R ∈ Ker(µ Y ). In this particular case P a,1 .e is an isomorphism if a(a − 1)(a + 1) = 0.
Let Q = x 2233 and R = x 0123 . Then Q⊗R ∈ Ker(µ Y ), and by Lemma 5.8 the infinitesimal invariant
is the inverse to the isomorphism f a = P λ a,1 . Now the computation of the infinitesimal invariant is straightforward:
which, multiplied by Q = x 456 , gives b h+a x 4567 . Thus we have,
We are now ready to state the main result for X 2.3 :
Theorem 5.10. For the general X = X 2.3 ⊆ P 7 the Griffiths group Griff 3 Q (X) is infinitely generated as a vector space over the rationals Q.
Proof. Again, we need to check that for an infinite number of choices a 1 , a 2 , a 3 We can define a type of Griffiths groups for triangulated subcategories and quotients as follows: 
A special case of Verdier quotients is when the subcategory N admits a left or right adjoint. In this case, we will use the notation A and we will see below that the total rational Griffiths group of A has some very nice properties. Let T be a triangulated category and I a full subcategory. Recall that the left orthogonal, ⊥ I, is the full subcategory of T consisting of all objects, T ∈ T , with Hom T (T, I) = 0 for any I ∈ I. The right orthogonal, I ⊥ , is defined similarly.
A closely related notion to an admissible subcategory is that of a semi-orthogonal decomposition. Definition 6.3. A semi-orthogonal decomposition of a triangulated category, T , is a sequence of full triangulated subcategories, A 1 , . . . , A m , in T such that A i ⊆ A ⊥ j for i < j and, for every object T ∈ T , there exists a diagram:
where all triangles are distinguished and A k ∈ A k . We shall denote a semi-orthogonal decomposition by ⟨A 1 , . . . , A m ⟩.
Definition 6.4. An object, E, in a k-linear triangulated category, T , is called exceptional if,
When E is either an exceptional object of a k-linear triangulated category, then the inclusion of ⟨E⟩, the smallest triangulated category generated by E, has right adjoint Hom(E, −) ⊗ k E and left adjoint Hom(−, E) ∨ ⊗ k E. Hence, ⟨E⟩ is admissible. Moreover, this category is equivalent to the derived category of vector spaces over k. When this category appears in a semi-orthogonal decomposition, we follow conventions by just writing E instead of ⟨E⟩ in the notation.
The following is Lemma 2.4 of [Kuz09a] .
Lemma 6.5. Let T = ⟨A 1 , ..., A m ⟩ be a semi-orthogonal decomposition. For any T ∈ T , the diagram (10) is unique and functorial.
This allows us to define the following functors.
Definition 6.6. The k th -projection functor
and sends morphisms to those induced by Lemma 6.5.
Definition 6.7. The i th -truncation functor
and sends morphisms to those induced by Lemma 6.5 between diagrams.
Definition 6.8. Let T be a k-linear triangulated category with finite dimensional morphism spaces. An autoequivalence, S, is called a Serre functor for T if for any two objects, T 1 , T 2 ∈ T , there is a natural isomorphism, We now consider the case where X is a smooth projective algebraic variety over C and
is the bounded derived category of coherent sheaves on X. As a matter of convention, we denote by the derived pullback, pushforward, (for a morphism f ∶ X → Y ) and tensor-product as f * , f * , and ⊗ respectively without further alluding to the fact that they are derived.
Definition 6.12. Let X and Y be smooth projective algebraic varieties over C with
The induced integral transform is the functor,
The object P is called the kernel of the transform Φ P . Furthermore, the integral transform Φ P is called a Fourier-Mukai transform if it is an equivalence.
Remark 6.13. It is a simple exercise to see that the structure sheaf of the diagonal, ∆ * O X , provides the Fourier-Mukai transform corresponding to the identity functor.
Integral transforms induce maps between Grothendieck groups and cohomology.
Definition 6.14. Let X and Y be smooth projective algebraic varieties over k and P ∈ K 0 (X × Y ). The K-theoretic integral transform is defined as:
Similarly, the semi-topological integral transform is defined as:
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Definition 6.15. Let X and Y be smooth projective algebraic varieties over C and α ∈ H * (X × Y, Q). The cohomological integral transform is defined as:
The term, ch(P) ⋅ td(X × Y ), is called the Mukai vector of P where td(X × Y ) is a formal square root of the Todd class of X × Y .
Notice that due to the adjustment by the Mukai vector, the Grothendieck-HirzebruchRiemann-Roch formula ensures that an element,
Definition 6.16. Let X and Y be smooth projective algebraic varieties over k and P ∈ D b (coh X × Y ). The Griffiths integral transform is defined as:
i.e., it is the map between kernels c ○ ch sst induced by the above commutative diagram.
It was shown by Kuznetsov that the projection functors, α i are represented by unique integral transforms [Kuz07] .
Proposition 6.17. Let X be a quasiprojective variety over k and
be a semiorthogonal decomposition. The i th -projection is isomorphic to an integral transform with kernel P i and P i is unique up to isomorphism. Similarly, the i th -truncation is isomorphic to an integral transform with kernel D i and D i is unique up to isomorphism.
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Furthermore, there is a diagram
where all triangles are distinguished.
There is an isomorphism,
(coh X × X) is the kernel of the i th projection functor from Proposition 6.17. Equation (12) yields an equality in K 0 (X) and K sst 0 (X):
By commutativity of (11) this yields
where ⟨E⟩ is the admissible subcategory generated by E.
Proof. We have an equivalence between ⟨E⟩ and the derived category of vector spaces. Therefore K 0 (⟨E⟩) = Z. Furthermore, since E is exceptional, the Euler pairing, χ(E, E) = 1. Therefore by the Grothendieck-Hirzebruch-Riemann-Roch formula,
Therefore ch(E) ⋅ td(X) 1 2 ≠ 0 in H 2 * (X, Q) and since td(X) 1 2 is invertible,
(X, Q). Therefore the map,
is injective.
Corollary 6.20. Suppose there is a semi-orthogonal decomposition,
There is an isomorphism of Griffiths groups
Proof. This follows immediately from Proposition 6.18 and Lemma 6.19.
Griffiths Groups for Fano-Calabi-Yaus
In this section, we use the general theory from the previous section to relate the Griffiths group of some Fano-Calabi-Yau manifolds to the Griffiths group of an admissible CalabiYau category.
Let A be a connected Z-graded commutative Definition 7.1. A Z-graded algebra A is Gorenstein if A has finite Z-graded injective dimension n and there is a integer a such that
The element, η(A, M), is called the Gorenstein parameter of (A, M). In other words, the derived dual of k, k ∨ , is quasi-isomorphic to k(η(A, M)). We will simply denote η(A, M) by η when (A, M) is clear from the context.
The following definitions are due to Orlov [Orl09] :
Definition 7.2. For a Z-graded algebra, A, we defined the graded category of singularities to be the Verdier quotient [Ve] , of the bounded derived category of finitely generated graded A-modules by the category of bounded complexes of graded A-modules with finitely generated projective components:
Definition 7.3. Let M be a finitely generated abelian group. Let B = ⊕ m∈M B i be a finitely generated M-graded commutative algebra over a field K. Consider w ∈ B m which is not a zero-divisor. The category of B-branes of w, is denoted by DGrB(w, M). The objects of DGrB(w, M) are pairs,
is an equivalence class of pairs of morphisms, f 1 ∶ P 1 → Q 1 and f 0 ∶ P 0 → Q 0 of degree 0 such that f 1 (m)p 0 = q 0 f 0 and q 1 f 1 = f 0 p 1 where two pairs are equivalent if they are null-homotopic, i.e., if there are two morphisms s ∶ P 0 → Q 1 and t ∶ P 1 → Q 0 (n) such that f 1 = q 0 (m)t + sp 1 and f 0 = t(m)p 0 + q 1 s.
The objects of DGrB(w, M) can also be viewed as quasi-periodic infinite "complexes" where the differential squares to w and quasi-periodicity refers to the fact that shifting the complex two to the left is the same as shifting the grading of the modules by m. From this interpretation, we can define a triangulated structure [Orl09] where [1] is the shift of this complex one to the left. It follows that we have an isomorphism of functors,
in DGrB(w, M). Following Orlov, when M = Z we simply write DGrB(w). We state the following special case of Theorem 3.10 in [Orl09] Theorem 7.4. With the notation above assume that B is regular. There is an equivalence of categories, DGrB(w) ≅ D gr sg (B w). Let us now recall a special case of a celebrated result of Orlov [Orl09] .
Theorem 7.5. Let X be a connected projective Gorenstein scheme of dimension n. Let L be a very ample line bundle such that ω X = L −r for some r ∈ Z. Set
(1) If r > 0, there is a semi-orthogonal decomposition, Corollary 7.6. Let X be a smooth projective variety of dimension n. Let L be a very ample line bundle such that ω X = L −r for some r ≥ 0. Set
There is an isomorphism of Griffiths groups,
Proof. From Theorem 7.5 there is a semi-orthogonal decomposition,
Since O(i) is exceptional for all i this is an immediate consequence of Corollary 6.20
Lemma 7.7. With the notation above, the category D gr sg (A) is a Calabi-Yau category of dimension 3 for the following two cases:
• the smooth cubic 7-folds X 3 ⊆ P 8 ,
• the smooth hypersurfaces X 4 ⊆ P 6 (1 6 ; 2) of degree 4 in the weighted projective space P 6 (1 6 ; 2) = P 6 (1 ∶ 1 ∶ 1 ∶ 1 ∶ 1 ∶ 1 ∶ 2), and Proof. For a Gorenstein commutative finitely generated connected algebra of injective dimension n and Gorenstein parameter a, the Serre functor S A on D gr sg (A) satisfies (see §5.3 of [KMV08] ) S A = (−a)[n − 1]. In the first two cases, A is defined by a single element, w, in a Z-graded polynomial ring. Hence Theorem 7.4 and (13) imply that deg(w) ≅ [2].
For X 3 , a = 6, deg(w) = 3 and n = 8. Therefore
For X 4 , a = 4, deg(w) = 4 and n = 6. Therefore We are left to consider the final case of a Fano-Calabi-Yau complete intersection in weighted projective space, for which the general member is smooth. Let X 2.3 ⊆ P 7 be a smooth complete intersections defined by a quadric, f , and a cubic, g, in R ∶= k[x 0 , ..., x 7 ]. Set B ∶= R f . We wish to relate the Griffiths group of X 2.3 to that of a 3-dimensional Calabi-Yau category. We know already by Corollary 6.20 that Griff Q (X) = Griff Q (D gr sg (R (f, g))). However, D gr sg (R (f, g)) is not Calabi-Yau in this case. On the other hand, in light of Theorem 7.4 we expect this category to be closely related to DGrB(w) (notice that B is not regular so the hypothesis of the theorem is not satisfied). Indeed, Theorem 3.9 of Orlov states that there is still a fully-faithful functor, F ∶ DGrB(w) → D gr sg (R (f, g)).
Moreover, DGrB(w) is a 3-dimensional Calabi-Yau category.
Lemma 7.8. Let X 2.3 ⊆ P 7 be a smooth complete intersections defined by a quadric, f , and a cubic, g, in R ∶= k[x 0 , ..., x 7 ]. Consider g as an element of R f . The category, DGrB(g), is a 3-dimensional Calabi-Yau category.
Proof. To show that DGrB(g) is a 3-dimensional Calabi-Yau category, notice that since R f is Gorenstein with Gorenstein parameter 6, the Serre functor on DGrB(g) is given by (−6) [7] . Since g is a cubic, [BFK12a, BFK12b] ). As the details are a bit technical, we just mention that this category a Verdier localization of a category defined the same way as DGrB(g) except that the pairs consist of any two finitely generated graded B-modules as opposed to finitely generated projective graded B-modules. Since B is not regular in our case, this distinction is important. However, the relevant property that Hence, we arrive at the following result Proposition 7.9. Let X 2.3 ⊆ P 7 be a smooth complete intersections defined by a quadric, f , and a cubic, g, in R ∶= k[x 0 , ..., x 7 ]. There is a surjective homomorphism of rational vector spaces:
. Proof. This follows immediately from the previous discussion.
We summarize our results Theorem 7.10. With the notation above, suppose X is a general smooth Fano-Calabi-Yau complete intersection in weighted projective space. The Griffiths group, Griff Q (X) = Griff Q (D gr sg (A)), is infinitely generated. Furthermore, when X is a cubic 7-fold or a hypersurface of degree 4 in P 6 (1 6 ; 2), then D Proof. By Corollary 6.20, we get the equality, Griff Q (X) = Griff Q (D gr sg (A)). The fact that it is infinitely generated is a combination of the main result of [AC] and Theorems 4.5 and 5.10.
The statement that when X is a cubic 7-fold or a hypersurface of degree 4 in P 6 (1 6 ; 2), then D Let Y be a smooth quartic K3-surface defined by f 4 (x 0 , ..., x 3 ) and E be a smooth elliptic curve defined by h 4 (x 4 , x 5 , x 6 ) in P(1 ∶ 1 ∶ 2). Set w = f 4 + h 4 . By [BFK] there is an equivalence of categories,
Let N = Z and φ be the summing map. The kernel of φ is Z 2 , the finite group of order 2 generated by (1, −2). By Theorem 7.5 DGrB(w, N) is an admissible subcategory of D b (coh X 4 ) where X 4 is the smooth hypersurface in P(1 6 ; 2) defined by w. Hence, by Corollary 7.6 we obtain:
In light of these examples, let us propose the following conjectures:
Conjecture 8.5. For the general member of each of the families above, the invariant Griffiths groups, Griff Q (X 3 ) Z 3 ⊕Z 3 and Griff Q (X 4 ) Z 2 are infinitely generated.
From the examples above, it follows that the product of three general elliptic curves, E 1 × E 2 × E 3 , is infinitely generated as well as the product of a general quartic K3-surface and a general elliptic curve in P(1 ∶ 1 ∶ 2).
